Quantum equation of motion for a particle in the field of primordial fluctuations 
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Brane model of universe is considered for a particle. Conservation laws inside the brane are 
obtained. Equation of motion is derived for a particle using variation principle from these conser- 
vation laws. This equation includes terms accounting the variation of brane topology. Its solution 
is obtained at some approximations and dispersion relation for a particle is derived. 
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I. QUANTUM EQUATION OF MOTION FOR A PARTICLE IN THE FIELD OF PRIMORDIAL 

FLUCTUATIONS 

3 ■ 

The Klein-Gordon equation describing motion of a scalar particle is known in quantum field theory that does not 
account the changes of space metrics and changes of particles behavior connected with it [l[ . Variation of space-time 
. metrics is described by Einsteins equation. Wheeler de Witt equation occupies place of Einsteins equation in quantum 
theory that is generalization for the case of general relativity theory and is valid for arbitrary Ryman space Q. The 
approach of Wheeler de Witt is applied to brane theory of Universe in paper [3[. However, the variation of brane 
1 q 1 ' topology is not accounted in this paper. The variation of space topology is considered within quantum theory in 
Q -1 phenomenological way in paper 0]. In the paper Wheeler de Witt equation is obtained from priori taken action 
for inflating brane. In present paper, we will derive starting from the symmetry properties of the brane the equation 
of motion for massless particle in the framework of brane model with the account of its topology variation in universal 
1—1 ■ space during primordial fluctuations considered in the framework of classical theory in papers @ , Q ■ 

Lets consider our space as three-dimensional hyper-surface that is the insertion in the space of higher dimension. 
Functional of length (action at the movement of particle in universal space) can be written as [? ] 

t> 
m 

CO 

£f~) • S = mc J ds, (1) 
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where m is mass, T is current value of universal time, ds is interval. Interval can be written as 



ds = J g i jdx l dx : > — c 2 dt 2 , (2) 



where i and j numerate four coordinates (i,j=0,l,2,3) of our space in the universal space, t is universal time. 



Substituting expression ([2]) into formula (P), we get 

T 



Let's rewrite expression @ in the form 



S = mc f \ / gijdx l dxi — c?dt 2 . (3) 




T 

S = J Ldt, (4) 
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where 

I i j " 

L = cy gijin x mx —m 2 c 2 (5) 

. i 

is Lagrangian x = dx l jdt. 

Let's suppose that lengths in universal space do not change at the evolution of considered hypersurface, i.e. 
S(T + AT) = S (T) . Then in correspondence with formula ^ L=0 and we will have from expression ([5]) 

9ij =P l P i = m 2 c 2 , (6) 
where p 1 = m x l is component of particles momentum at the movement on brane. 

We can choose for two infinitely close events taking place in one point of our space such a reference system that 
dx l =dx? =dx? =0. Then, we can write accounting that ds = the following relation: 

y/g^dx° = cdt. (7) 
Relation (0 yields the expression for particles own time that coincides with universal time 

t = - f Vmdx , (8) 



c 

where integration is performed by coordinate of universal space a; . 

In the case of universal space metrics {+,—,—,—,—} where have set cdt = x A at the absence of gravitational 
fields and accounting that interval between infinitely close events is equal zero also in the arbitrary case, we get 
common relation among the time counting by moving and still clocks at the uniform straightforward motion of object 
respectively us from point A to point B 



,U=dr\ 1-^, (9) 



where v 2 = (dx 1 /dr) 2 + (dx 2 /dr) + ( y dx 3 /dr) 2 , dr — dx°/c. Geometrical meaning of relation© is explained in 
fig. 1. 

Expression ^ can be rewritten in the following form: 

Pip' — m 2 c 2 . (10) 

Let's consider functional variation of relation (|10| corresponding to brane fluctuation when coordinares x transform 
into coordinates x' (fig. 2). Complete variation of momentum vector can be written as the sum of functional variation 
bp of vector p at the comparison of p ' with p in the same point at the parallel transfer of vector p in universal space 
and ordinary variation dp. Then, it can be written that 

Ap = p' {x') - p (x)= p' (x') - P (x') + P (x r ) -p(x) =Sp + dp, (11) 

where 

Sp = p'(x')~ P(x') (12) 

and 

dp=P(x')-p(x), (13) 
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V (a/) is momentum vector at its parallel transfer in the universal space. 
If trajectory of particle is geodetic one then 



d Pi = ^dx k = 0, (14) 



5 Pi =P k T^Sx 1 , (15) 

where Sx l ~ x — x l is variation in universal space. Then, it can be written, omitting stroked index of momentum 
vector, 

p (O = p (x) + Sp. (16) 
At the transform x — ► x\ relation (|10[) is transforming accounting (|14p to the following form: 

Pl p l + PrSp 1 + Sp lP l + 5p t Sp l = m 2 c 2 . (17) 

Let's pass in relation (fT5j) to operators acting in Hubert space of wave functions ip (x). We represent for this sake 
the components of vector p as 

d 

and rewrite relation (fT3l) as 



6 Pi = -{rl6x<*}. k , (19) 

where covariant derivative is performed in the point with stroked indexes. 

Let's consider the first term in the left side of equation (I15| . For this purpose, we represent it in the form 



Using expression ([16)) , we get 



/>./>' /'.'/''/'.• (20) 



Let's use well known relation 



Then 



\ dx l dx 3 dx l dx J 



da lJ 

Q x k ~ 1 mkd 1 mfe.9 • \ ZZ ) 



Changing indexes of summation, we get 



^ = -^^-r%j-r^). (24) 



Let's consider second term in the left side of equation (|15p . rewriting it in the form 

Pidp 1 = p l g l3 5p : j. (25) 

Using formula (fTB|) , we get 

PiSp* = 9 ij Pi S Pj + ih (>L™ + g m rQ Sp 3 . (26) 
Let's write in its direct form the covariant derivative in the expression (pi 



SPj = -ih ir ]k + -^Sx l - T%T k nl 5x l + T k nk T^Sx l J , (27) 
where stroked index of the derivative on is omitted. Substituting expression (|27p into formula (|26p . we get 

r> frtf — h 2 n ij ( dTjh — dTij a- v k r™ — ?r n r k — r m r fe ■+- 9 Fjl St 1 

Pi"P — 'l y ( g x i dx k +^ m L jk ZL ij L nk 1 im L jk + dx*dx k 0X 

_pn art, j- i pfe ar "fc c i , pfe 2Eilj) T i 4. p« I^Ar' - r m 

1 jk^x^ 0X 1 nl^F r ° X + 1 nk^x^ 0X + 1 jl^F r ° X 1 trn Q x k °x 

_T*m®£imX~l I pm pn pfc r i _ rm pfc pn s: i i pmrn pfc r„,Z 
1 g x k "X ~r L irn L jk L nl ux L im L nk L jl ox ' 1 zj 1 mfc 1 ln ox 

Third term in the left side of equation (fTS"]) 



(28) 



W = Wft- s (29) 
has according to expressions (1 16[) , (f2"T)) the following form: 

(dT k \ 1 

r& + ^jffa' - r&r*^ 1 + r^rS**' J (so) 

The last term in the left side of equation (fl5|) 

tfprfp* = <),>,.,■'<),>,. (31) 
can be written with the account of expression (|27[) in the form 

*Pi^ = -n 2 9 ij (^ k T] n + T k k ^5x l + r k n §£6x l - 

_pfc rm pn r„i . pfc pmpn r„i _ pmpfc pn jr„Z 
1 jk L jn L ml ux ~1~ L ik L jl L rnn ux 1 ifc 1 rnl L jn ox ' 

+T™ l T k mk T-Jx l + ^L d J^LSx l 6x 1 ' - ^r^T^Sx 1 ' + 
+ ^T^Jx l Sx 1 ' - ^T™r k ml 6x l Sx 1 ' + ^fr^T k mk Sx l 5x l ' + 

pmpfc pm'pn At'At'' pmpfc pm'pn X^lX^l' 
1 ik 1 ml L jn 1 m'l' ox ox 1 ik L ml 1 jV 1 m'n ox 0JL 



(32) 
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(33) 



Substituting expressions (I24|) . (|28|) . (|29| and (|32)) into equation (|15[) . we get equation for the wave function ip 
n ij\( §1 r fc pmrfc ^,1, i ar jfc _ ar »i _i_ pfc r« _ r« pfc \ i 

V t\dx*dx3 L ijdx k 1 ij L mk) Y ^ 1 dx* dx k ^ L in L jk 1 ij L nk J V 

_«™ ar^ rfc 9r™ fc _ , ar™, _ 9r ^ ££i 4. r ™^jk _ a 2 

"y 3 - jk dx* <~ 1 «z a^ 1 ^nfca^ 1 1 jz a^ 1 T1 ™ai* " r - L u a^ fc alPaiP 

rm pn pfc _i_ pm pfc pn rmr)i pfc _i_ pmpfc pn _i_ pfc rm pn 

2m jfc nl ' im nk jl ij mk nl ' ij nk Ira ' jk jn ml 

pfc pm™ pmrfc pn i pmpfc pn \>jr i x^l ( pn pfc i pfc pnA > 

jk L jl L ran L ik L ml L jn L jl L mk L jn ) ^ ~1~ ox y dx k L ik L nl ~1~ L nk L il J dx* ^ 

X^.l' ( ' jl' ^ii pm pn I 3T| pm rn 9£jj pn pfc r ^Vrmri: i 

UX ux \ dx k dx n dx k 1 jn L ml' "r" a^fc 1 jl' L mn Ox" L ik L ml "r" 1 1 rofe ' 

i pmpfc pm pn pmpfc pm pn pmpfc pm pn i 

"t" ik ml jn L m'l' ik ml jl' m'n 1 il 1 mk jn 1 i'm' ' 

+r3 i r^.rj, i ;r^j]* + m 2 c 2 -o 

Let's consider covariant derivative of the second order for the wave function 

If transformed wave function is still self function of energy operator, i.e. if with account of norm the relation 

r(x) = (T^ k y 1 r^ k (x'), (35) 

is true, the first term in the equation (|33[) can be written in the form of covariant D'Alambertian 



^(^" r ^- r " r -)^^ W (36) 

It is evident that the expression in brackets in the second term in the left side of equation (f3"3"| is just Richey's 
tensor and we can write 

(i9r fe dT k \ 

~df~^J + ^ - r ^ r " fe J * = (3?) 

We assume that Sx l = for coordinates on brane and Sx l ^ for coordinates along the additional dimension. Then, 
assuming that coefficients of affine connection on brane do not depend on the coordinate of additional dimension, it 
could be written 



„ ar*, ^ rk flrji ^% \ „br 



t] I pn nl , pfc ~ 3 K _ pfc ~ 3J_ _ pn nfc _ J' 1 _ ij "■"■"jl ;oo\ 

y I <9x* 9a; 1 nk dx* jl dx 1 dx l dx k j y dx 1 ' 1 ' 



2J / pm _ Im j^m-pn pfc , pmpfc pn \ ^*JP m f? ^' ^ ^Q^ 

» I 1 ij a k W mk I n * ij nk Im ] 9 ^ij^ml, [OJ) 



fJ >J 



- r? m r%r k nt + r™ r* fc r^ = s «r^%, (40) 
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( r)V k 

I il T^n -pfc , -pfc 



V dx k 



ffi + tt =Ai. (4i) 



Relations ||3SJ,((3SJ) yield 



9 ij idr ~ •</'•' 1 u />'»./ = 9 ij DiRfl . (42) 



Using the same approach that at the derivation of relation |36|) , we get from formulas ([40]) , ((41 



gijRil lb ~ 9 ijV ?™Rai>n = !r ! l>',i»,r„. (43) 
Unifying expressions (|42]1 . (|43|l . we get 

g ij (A-Rii) V»n - g ij RiiDii> n = <?"A ■ (44) 

Last term in the left side of equation (|3"3")) can be written as 

9 ij [g^ - ?TA + it*r«?J ( -Q^r - r™ r«,,, + r», n r# ) sM'i> = g i3 R a R 4V 8x l 5x l ^. (45) 



Thus, equation (|33[) can be rewritten in the following form: 

fr'P.D.rr, - g ij RiiDnP n + g ij Di (Rjiipn) 5x l + RuR lV 5x l 5x l >„ + m 2 c 2 = 0.. (46) 

Let's consider small region of space-time where we can suppose gravitation field to be constant and homogeneous. 
We rewrite equation (|46[) in locally-geodesic coordinate system for mass-less particle in the following form: 

d 2 d \ . 1 d 2 ^ 

^ + ^ +a r=^' (47) 

limiting ourselves by one spatial dimension, assuming the absence of affine connection in time and introducing the 
notations 

7 = R x eSx e (48) 

and 

a = R - (^-R x e) Sx e - R x gR x g,6x e Sx e ' . (49) 



dx 



Let's look for solution in the form 



1 / ) = e i(kx-ut) > ( 50 ) 
Then we get from (j47|) the characteristic equation 



k 2 -i-yk- ( a+ ^ ) = 0. (51 ) 

Its physically reasonable solution is 
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k = \H + a -T + t l (52) 

Apparently it is valid when a does not depend on coordinate and time. When a = 7 = 0, we have the usual 
dispersion relation c^o — ck. 

When (^) ^> a — (^) we can approximately get 



and for phase velocity of non-massive particles 



Formula (|54| shows that effective refractive index related with space curvature is equal 

c 2 / 7 2 \ 

n eff = 1 " -J2 I Q - — J • ( 55 ) 

Thus, the phase velocity of mass- less particles in universal space can exceed the phase velocity of light in plane 
Deckard space because of drift of particles at the expansion of Universe. Other consequences of space curvature are 
the following two facts that realize when expression (|55|) is valid: 

- it is impossible to create particle with kinetic energy less than h\J oj 2 + ac 2 (fig. 3); 

- space curvature leads to the frequency shift according the formula oj = \/^q + ac 2 that gives the possibility 
for verification of developed model when curvature varies at the influence of gravitational waves and primordial 
fluctuations. 

Note that it could also represent the more complexity solution of equation (47) in the form: 



if, = e -HW7 2 -4a) ^ a + f3 e x{^^f^) + A e ct ^ + B e~ ct ^. (56) 
where A, B and (3 are an arbitrary constants of integration. 
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Figure 1: Brane model of Universe. Motion of particle from point A to point B(B') in broadening Universe ( AB=f dr, AB' 
c dr, BB' =cdt). 




